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ASYMPTOTIC SOLUTION OF THE PROBLEM
OF THE ACTION OF A STAMP ON AN ELASTIC LAYER LYING
ON THE SURFACE OF A COMPRESSIBLE FLUID OF INFINITE DEPTH

V. P. Ryabchenko UDC 532.591+539.3

This paper considers a two-dimensional linear unsteady problem of rigid-stamp indentation on an

elastic layer of finite thickness lying on the surface of a compressible fluid of infinite depth. The Lamé

equations holds for the elastic layer, and the wave equation for the fluid velocity potential. Using

the Laplace and Fourier transforms, the problem is reduced to determining the contact stresses under

the stamp from the solution of an integral equation of the first kind, whose kernel has a logarithmic

singularity. An asymptotic solution of the problem is constructed for large times of interaction.
Key words: stamp, elastic layer, compressible fluid, contact stresses.

Introduction. For operation of facilities located on ice, it is necessary to know the dynamic loads caused
by the motion of these objects, for example, under the action of vibration or an applied load. An ice sheet is often
modeled by a thin elastic plate floating on a fluid surface [1, 2]. It is assumed in this case that ice completely covers
the fluid free surface and is loaded by a concentrated force or a locally distributed time-periodic pressure on its
surface. Another model is based on the assumption that ice is an elastic half-space, on whose surface there is a rigid
stamp, which models the facility. From the state of rest, the stamp begins to move in a predetermined manner, and
the effect of the fluid is ignored [3, 4]. Because ice has finite thickness, it is of interest to solve the problem of a
stamp on an elastic layer lying on a fluid surface. In the present work, an asymptotic solution of this hydroelastic
problem was obtained in a linear formulation for large times of interaction.

Formulation of the Problem. A rigid stamp of width 2a (—a < 1 < a) is pressed in a predetermined
manner into an elastic layer of thickness 2h; (—oco < 1 < 00 and —hy < y1 < hq) which lies on the surface of a
compressible fluid of infinite depth (—oco < y; < —hy). If the elastic medium and the fluid are assumed to be in the
state of rest before the stamp indentation (¢; < 0), then the fluid flow is potential and, at the initial time ¢; = 0, the
displacements of the elastic medium u; and vy, the velocities of these displacement, and the fluid flow potential
and Jp1/0t; are equal to zero. In the zone of contact of the stamp with the upper boundary of the layer y; = hq,
friction and adhesion forces are ignored and, outside the stamp, the upper boundary of the layer is not loaded. The
lower boundary of the layer is acted upon only by the normal stresses caused by the fluid flow, and the condition
of contact of the fluid and the elastic layer is satisfied. The shape of the stamp and the law of stamp indentation
into the layer are defined by the function f(x1,t1). As (z1,y1) — 00, displacements and stresses are absent.

Under the assumptions made above, the problem reduces to solving the Lamé equations in the elastic layer
with respect to the dimensionless displacements u and v [5]:
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Here 31 = ca/c1, ¢3 = (A +2u)/p, ¢35 = p/p are the velocities of propagation of longitudinal and transverse waves
in the elastic medium, A and p are the Lamé constants, p is the density of the elastic material, and © = x/a,
y =wy1/a, and t = cat1/a are dimensionless coordinates and time.

The fluid velocity potential ¢(x,y,t) satisfies the wave equation
5, 0%p 0? 82 Co

_ = A — _ — = —
2 8t2 07 8132 82./2 9 $1 acsp, 52 co 9 (3)

and the pressure p is defined by the Cauchy-Lagrange integral

Ap —f3

0
p=—poch 5 (4)

(co is the sound velocity in the fluid and pg is the fluid density).
Equations (1)—(3) are solved subject to the boundary conditions

Toy(x, £h,t) =0, —00 < & < 00; (5)
oyy(z, h,t) =0, —co<r< -1, 1<z <o (6)
Uyy(xa _hvt) = —p(x,t), |ZII| < 03 (7)
v(x, h,t) = f(z,1), |z] <1, h=hi/a (8)
0 0
gy (0 t) = Grlw—ht), el < oo (9)
©—0, u—0, v—=0 Tp —0, o,—0 at 2°+y*>— o (10)
and initial conditions
U:U:%:@: 8S0—0 at t=0.

ot ot T ot

In (5)—(10), 74y and oy, are the tangential and normal stresses in the elastic layer, respectively.

It is required to determine the distribution of normal contact stresses under the stamp oy, (z, h,t) = —q(z,t),
the stresses and displacements in the elastic layer, and the fluid velocity field.

Derivation of the Integral Equation. To solve Egs. (1)—(3), we use the Laplace transform with respect
to time

(z,y,s /u x,y,t) exp (—st) dt.
0
For the images, we obtain
azuL ) 82,UL 82 L 9.0 I
W"’(l—ﬂﬂaxa + 3 oy = s"fiu”; (11)
82 L 82uL 82 L
1-8}) ——— 12
Pt P9 a1
Ox? 0y? 2
For the stress images, we have
out ok ovt out ok
L L
R R s !
Tuy 8x+(‘9y +u8y Tay = H 8y+8x
For the images (11) and (12), the solution of the Lamé equations is sought in the form
=Vo+ u,.
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These equations are valid if the new required functions satisfy the equations [6]
divu; =0, AD—#s%0 =0, Au; —s?u; =0, u; = (ug,v1).

The solution of the image equations which is symmetric with respect to x is sought in the form

o0

: h (729) sinh (y2y)
_ . Ly 08 ,
“ /bm (oza:)( Usinh (y2h) +G cosh ("/gh)) da,

0

, sinh (72y) , cosh (72y)
cos (o) (A2 sinh (y2h) % cosh (Vzh)) o

=
Il
0\8

oo

_ cosh (11y) sinh (71y) L_ /Oo
o= / cos (ax) (A3 Sinh (1) +C3 cosh (71 h)) do, ¢~ = [ A(a, s)exp (7oy) cos (ax) do,
0

0
where 72 = o? + (3752, 73 = o? + 5%, and 12 = a? + $3s. Then, from the equation divu; = 0, we obtain
aAl =y AL, aC] = —Ch.
Introducing the coefficients Ay = A and aCs = C}, from the boundary condition (5), we have
201 A3 = —(0? +72) Az, 2071C5 = —(a? +742)Ca, A = —72 Ay, Cp = —7Ch.

For the transverse displacements at y = +h, we have

oo

1 Q
UL(!E,h,S) _ _5 82/ CcOoS (0133) (A2 + Cg)da,
(&%
0

1 T cos
vF(z,—h,s) = = 52 / cos (az) (A2 — C3) da.
2 @
0
Similarly, for the normal stresses at y = +h, we obtain

o0

ayfy(x,h, s) = —,u/cos (ax)(

0

— 2a72(As coth (y2h) + Cs tanh (’ygh))) da,

(48 +0)?

2o, (A2 coth (y1h) + Catanh (y1h))

o0

ojy(x, —h,s) = —u/cos (owc)(

0

(44 +0%)?

2o, (Ag coth (y1h) — Cy tanh (y1h))

— 2ary2(Ag coth (y2h) — Co tanh (’ygh))) dov.

From boundary condition (9), we find that A(a,s) = svl/yy. Then, in view of (4), pL(x,—h,s) =

—pocis?vl (z, —h, s).

Substituting the expressions obtained for o}, p*, and v* into boundary condition (7) and introducing the

notation
2 2\2
X, = M coth (y1h) — 4a’y5 coth (y2h), Ps = @,
At P
2 2\2 4
X, = M tanh (y1h) — 4027, tanh (y2h), Xo = PS5 ,
At Yo

we obtain the following equation for the coefficients A; and Cs:

(Xo+ X0)A2 — (X + X0)C2 =0

(13)
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(the quantity X, characterizes the effect of the fluid on the deformation of the elastic layer). For y = h, the
boundary condition (6) for oy, is written as

Uﬁy(mahvs) = _qf(xvs)v (14)

where ¢ (z,s) = ¢l (z,5) at |z| < 1, ¢F(z,5) = 0 at |z| > 1, and ¢¥(z, s) is the L image of the required contact
load under the stamp ¢(z,t). Determining the Fourier transform of the function ¢~
o0
L _ L
g (z,8) = /Q (e, 8) cos (ax) da
0
and its inverse transform

1
Q(a.s) =+ [ aH(€s)cos (ag) de
Z1

from the boundary condition (14), we obtain
X, As + X.Co = 2Q" 0. (15)
Thus, for the coefficients Ay and Cs, we have the system equations (13) and (15), from which we obtain
As =20Q" (X4 + X0)/D, Oz =2aQ"(X, + Xo)/D, D = X,(X.+ Xo)+ Xc(Xo + Xo).
Substituting A, and Cs into relation (14) and using f¥(z, s) to denote the L-image of the function f(z,t), we have

7 92Xy + X, + X,

fE(x,s) = —s° /cos (ax)QL(a,s)T da.
0

Using the expression for Q%, we obtain the integral equation of the first kind for the function ¢~ (¢, s) (|z| < 1):
1
L _ L
[ Mok 9 de = )
el

with the kernel

1, [ 2Xo + X0 + X,
k(z,&,s) = - 82/COS (af) cos (ax) % dao.
0

For a flat stamp, fZ(z,s) = fE(s).
Some Properties of the Kernel k(x, £, s). To study the properties of the kernel k(z, &, s), we make the
replacement a = sz in the improper integral and consider integrals of the form

oo

J(s) = /cos (uz) K(s,2)dz, u=s(zx+£f),
0
where K(s,z) = (2X¢ + X, + X.)/D. The function K (s, z) contains the quantities
222 +1)2
X, = % coth (shy1) — 42%v, coth (shys),
1

222 4+ 1)2 X

X, = % tanh (shy;) — 42292 tanh (shye), Xo = :—

1 0

(V2 =22+ 6%, 73 = 22+ 1, and v = 2% + 33; for 79, 71, and 72, the former notation is kept). In view of
g (&, s) = q¥ (=&, s), the kernel becomes

k(z,€,s) = —% /cos (sz)(x — &) K(s,z)dz,
0
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where the Laplace transform parameter s enters only the arguments of the trigonometric and hyperbolic functions.
To obtain an asymptotic solution for small values of s, in the expansions of coth z and tanh x we keep two and
one term, respectively. Then, X, = Q(2)/(sh) + sh/3 and X, = sh (Q(z) = [1 +42%(1 — 3?)]/+?) and the function
K (s, z) can be written as

K(s,2) = ag + aish + azs®h® + ... ,

where ag = 1/Xo, a1 = 2/Q — 1/X?, and az = —a1/Xo. The integral J(s) is written as the sum of the integrals
J1(s) and Ja(s):

oo

1
Ji(s) = /cos (uz) K(s,2) dz, Ja(s) = /cos (uz) K(s,2) dz.
0

1

To obtain an approximate expression for Ji(s), we replace cos(uz) by the first two terms of its series
expansion and K (s, z) by its representation for small s. Then,

Ji(s) = qo + @15 + q257,

where
1 1 1 1
qo = /ao(z) dz, ¢ = h/al(z) dz, q2= —% (x — {)2/z2a0(2) dz + h2/a2(2) dz.
0 0 0 0
For large z, we assume that v; = z and 5 = z. Using the expansions

coth (shy1) =~ 1+2 Z exp (—2mshz), tanh (shyi) =142 Z (—1)™exp (—2mshz),

m=1 m=1
we obtain
Xo = Xaoo[l +2 Z exp (—2mshz)], Xe = Xooo|l +2 Z (=1)™exp (—2mshz)],
m=1 m=1
where

Xooo = (222 +1)%/\/ 22+ 37 — 42222 + 1.
In this case (|z| > 1), the following representation holds:
K (s,2z) = by + by exp (—2shz) + byexp (—4shz) + ... ,
where bp =1/ X400, b1 =0, and by = 2(1 — X0/ Xuoo)/ (X0 + Xaco)-

For large z,
h 1 1 52
— 2 a o 4 9 . 2.
Xoso =2(1=B})z+ =%, ha =5 (34301 —45}), Xo—p*(;—2—23)7
therefore,
di _ had? 11 2, 2d2(he + 2p.)
bO = - 1 g = — — —— - 77

2 287 21-—p% 2 23

Introducing the variable v = s|x — &| and substituting K(s, z) into Ja(s) for large z, we obtain

o0 o0

di hed} di d3(hg + 2p.
Ja(s) = /cos (uz)(?l - 231 +.. ) dz + 2/005 (uz)(?l - %) exp (—4hsz) dz.
1 1
Introducing the notation
I = / cos(uz) ) _ “Ci(w), L= / cos (3”2) dz,
z z
1 1
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exp —4hsz)dz

/COS exp (—4hsz) dz, /
1 1

[Ci(u) is the integral cosine]. Then, for small s, the asymptotic form of the integrals I;, (k =1,...,4) is written as

I =—C—Inu+u?/4, L= 1+u*lnu+u*(C—3/2)/2,

I3 = —C —In(s\/16h2 4 (v — £)2 ) + 4sh + s?a1 /4, Iy =1/2 —4sh+ a1 Ins + ags?,
where C' is the Euler constant,
1 x—£
3| 4h
Using the obtained asymptotic expressions of the integrals for small values of s, we write the integral equation
for a flat stamp in the form

(x—&)? —16h%], as=ay (c - g + %m [16h% + (z — 5)2]) + 4h(x — &) arctan

o] =

A=

/qL (sl — €]) dé = g*(z, 5), (16)
—1

where

s

1 1
1
gt (z,s) = " (& ) I [160% + (z — )*)dE + fH(s) + [ " (&, 5)F (2, 5) d€,
/ e

F = agy + a148 + a2s5%In s + as, s, (17)
wdyags = qo — 3Cdy — d3(3ha /2 + 2p.), wdiar. = q1 + 8dih + 8hd? (ha + 2py),
7'1'611&2»< = —had%($ — 6)2/2 — 2d10[1(ha + 2,0*),

wdias, = qz + di(z — )2 /4 — (1/2)hed2(x — €)?In|z — €| 4+ drog — 2d50a(ha + 2p4).

Equation (16) for ¢ (¢, s) is an equation of the first kind with a logarithmic kernel [7]. The second term
containing logarithm takes into account the presence of the boundary of the layer located at a distance 2h from the
stamp, and it is similar to the term calculated, for example, of the flow over a profile at a distance 2h from a rigid
plate using the reflection method [8].

Differentiation of Eq. (16) with respect to = yields the singular integral equation

1 1 1
1 2 _(z—=9ds
W[qL(fv __;[qL 16h2 ( 5)2 +/qL(€7 ) (33 57 ) 6

Assuming temporarily that the right side of dg*/0z is known, we write the solution of this equation in the

form
i (a,5) = ) Vl‘ %" (1, 5)dn, (15)
™1 — 2 7T\/1—a:2 —x  On
where
1
OF  Oa Oa
L 2% 9 3x 92
i 1
/q s)d€, an n s“Ins+ an s°,
1
8042*

on T —di(n — &) (3ha + 2p4),
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1
das.
0

on
1 2 ) (90[2
9 hadi(n — &) — 2di(ha + 2p+) an
dory 3 1 2 2 (n—¢)° n—2=¢
2o (c-24Zm[1 - —)+ - 4y .
on (C’ 2+2 n[16h° + (1 — &) ])(77 §)+16h2+(17—§)2+ h arctan Y7
The required function is represented as the series
q"(z,s) = P*(s)(Qo + Q15" Ins + Qas” +...). (19)

Substituting (19) into Eq. (18) and collecting terms of the same powers of s, we obtain the following integral
equations for Qq, @1, and Qs:

Quli) = / viZm / QO) f g ) (20)
@) =~ 1—x2/ — /Ql 16h277 n5 e
1—x2/ = /Q 6@2* i 2!

Qole) = - m/“l‘—dn/@ ) T
e 1_$2/\/1_— /Q aa3* 3 (22)

To find the functions Qo(x), Q1(x), and Q2(x), we expand the integrand functions on the right side of
Egs. (20)-(22) in series in a certain parameter related to the layer thickness h. This parameter is taken to be
7 = /14 h%/4 — h/2; moreover, it is assumed that 7 < 1 for any h, in particular, 7 = 0 for h = co and 7 = 1 for
h = 0. The following expansion holds:
2

1 T 2 (z — €)?
—(x_g)z_'_lﬁhz:E(1—72(72—2)—7( 9 —l—) (23)

The required functions can be represented as series in 7:

Qn=Quo+7Qu+7'Qua+... (n=0,1,2).
Substituting these series into Egs. (20)—(22) and equating terms of the same powers of 7, we obtain
1 V1— /
no(z) = —/—, x d dg,
Q 0( ) 1 — 22 QOl( ) m/ n QOO 77 5) 6

Qua () = =

m/“_ dn/n 620 (2~ 7)1 Quute)] de
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Calculations of the integrals on the right sides of the expressions for Qoi1(x) and Qo2 () yields

x? 1

o A
Ary/1 — 22 Qo () 1287v1 — 22

A similar method was used in [8, 9].
Passing to Laplace originals in (19) for the case of a flat stamp considered, we obtain the following asymptotic
expression for the contact load under the stamp for large times:

d>P(t)

dt?

Qoi(z) = — (2* 4 56.52% — 0.125).

t
d2

q(z,t) = Qo(x)P(t) + [Q2(x) — CQ1(z)] — Q1(z) — d / 72 In(t —7)dr.

The Laplace original of the expression s2P¥(s)Ins was obtained using the convolution theorem and the relation
s7'lns= —Int — C [10].
To find PL(s), we multiply Eq. (16) by 1/v/1 — 22 and integrate the result over = from —1 to 1:
1

L Insfz —¢| L( FﬂC F(z,&s)
/q (&.5) d&/ sz ¢H(E s d& —
1 16h2 2
/ 0 (6. 5) d€ / ne 1_;2 o = (o) (24)

On the left side of expression (24), the first integral over = has the form [11]
1

/ In s|z — da::ﬂ'lnf
V1—22 2

The second integral is written as

dr =7lns + I5(§),

V1— 22
where
1
In \/16h2 + (z — &)?
I = dr.
O
Differentiating I2(£) over ¢ and using expansion (23) in the parameter T, we obtain

a _7?
¢~ 16

Integration of this expression with respect to £ yields

4
m§ — 2o €(€ — 30.5).

2
(€)= £2+@5Z(61—5 )+ C,.

The constant C, is determined as the value of the integral I» for £ =0 [11]:

C. =nln(4h) + 7T1n0.5[1 + \/W}
Substitution of the values of the integrals and the function F(z, £, s) defined by formula (17) into Eqs. (24) yields
Pl(s) =mfh(s)/w(s), (25)
where
w(s) =dyIns+do + dps + dzs*Ins +dys® + ...,
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1

2
d() = —(1112 + 7TCLO*)J0 + ;/Qo(f)lg(f) df, d1 = 3]0, d2 = —7Ta1*J0,

—1

a2*

ds = —(In2 + mag.) Ty +3Js + = /Q1 Vo (€) dE — Jo / \/__xz dz,
9 1 1 ( )
_ - _ 43\ X))
dy = (1n2+7ra0*)J2—|— ﬂ_/ng(f)Ig(f) df Joil md(b,

1
Je= | Qr(§)dE, k=012
/

To obtain asymptotic formulas for PZ(s) for small s, we write w~!(s) in (25) in the form

1 d dos -1
1 o 0 2
v (8)_dllns(l—’—dllns—i—dllns—'—'”) ’

and expand the expression in parentheses in a series taking into account that s < 1. Then,

P(s) = %fL(s)gf( )= IO+

7Td()

where gF(s) = 1/Ins and g4 = 1/1In? 5. Using the convolution theorem, we pass to the Laplace originals

t t
d
zlfft—rgl )dr —L;)/f(t—T)gz(T)dT+..., (26)
dy &
0 0
where, according to [10],
e 7_zfl ZTzfl
g1 (T) / F(Z) dZ, 92(7_) / F(Z) dZ,
0 0

[[(2) is a gamma function].

Ast — oo, the integrals over 7 become improper. To estimate the convergence of these integrals, we study the
behavior of the functions g;(7) and go(7) for large values of the argument. Applying the saddle-point method [12]
to estimate the integrals g1(7) and g2(7) as 7 — 0o, we write them as

g1(7) = /exp (h1(z, 7)) dz, g2(7) = /exp (ha(z, 7)) dz,
0 0

where h1(z,7) = (z — 1)In7 — InT'(2) and ho(z,7) = (2 — 1)InT + Inz — InT'(z). For the saddle point, we have
Ri(z) = 0. Since, for large z (z ~ ¢, 7> 1) InT'(2) ~ zlnz — z + ..., we find the saddle point z = 7 at which
W'(r,7) = —1/7. The contribution to the integral g;(7) is given by

Vie(T) = V2rr ™ I Y(7) = ¢,

because I'(7) = v2mexp (—7)77 /2 as 7 — co. For the integral go(7), the saddle point z = 7, and, for 7 — oo, its
contribution to the integral is Va.(7) = Te.

Thus, for the convergence of the integrals in the representation (26) for P(t), it is necessary that the given
stamp displacement function f(z,t) increase exponentially as ¢ — co. In this case, the total load on the stamp also
increases exponentially with time, because the expression for P(¢) contains the integrand function f(t — 7).

In [13], a similar distribution was obtained by asymptotic analysis for the problem of pure shear of an elastic
layer with a fixed foundation by a stamp acted upon by a shear force for a large time. In addition, in [13], it
is noted that if the displacement vector is sought in the form w(z,y,t) = wuo(x,y)exp (vt), asymptotic analysis
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makes it possible to construct an asymptotic solution of the problem for large times without applying the Laplace
transform.

The function f(t) obtained from the condition of convergence of the integrals in (26), is a particular case
of the law of motion of the stamp. Generally, these integrals can be divergent. This is due to the fact that in a
number of two-dimensional contact problems, the passage to the limit in the parameter cannot be performed. In
particular, it has been shown [14] that a number of two-dimensional mixed problems for a layer of thickness A are
reduced to integral equations of the first kind, which, for large A, can be written as

/ 2(€)(~ € — x| + d) dé = f(x),

where d = In (4\/7). For large )\, the kernel of this equation tends to infinity. In [14], it is noted that, because of
the presence of the constant d in the kernel, the limiting case A = co cannot be considered. In [14], this is regarded
as a consequence of the replacement of three-dimensional problems by two-dimensional ones. The kernel of the
integral equation (16) also contains a logarithmic constant, which tends to infinity as s — 0; therefore, the solution
of this equation tends to infinity as In s, i.e., as s — 0, the passage to the limit is absent from the solution of the
steady-state problem. In [3], it is also noted that, for ¢ — oo, this passage to the limit cannot be performed.

In two-dimensional problems of elasticity and hydrodynamics, logarithmic terms appear in the case where
the examined region of a continuous medium contains an infinitely distant point. This, however, does not prevent
the use of the obtained solutions in the part of the region, in which the corresponding quantities are small (for
example, displacements in elastic theory or the potential in hydrodynamics). The solution obtained can be used for
finite times of interaction, similarly to asymptotic solutions in two-dimensional contact problems for layers of finite
values of the parameter .
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